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Abstract. Let V be a faithful G-module for a finite group G and let p be a prime dividing \G\. An 
orbit v G for the action of G on V is p-regular if \v G \ p = \G : Ca(v)\ P = \G\ P . Zhang asks the following 
question in [5]. Assume that a finite solvable group G acts faithfully and irreducibly on a vector space 
V over a finite field F. If G has a p-regular orbit for every prime p dividing |Gr|, is it true that G will 
have a regular orbit on V? In [4], Lii and Cao construct an example showing that the answer to this 
question is no, however the example itself is not correct. In this paper, we study Zhang's question in 
detail. We construct examples showing that the answer to this question is no in general. We also prove 
the following result. Assume a finite solvable group G of odd order acts faithfully and irreducibly on a 
vector space V over a field of odd characteristic. If G has a p-regular orbit for every prime p dividing 
\G\, then G will have a regular orbit on V. 



1. Introduction 

Let V be a faithful G-module for a finite group G and let p be a prime dividing \G\. An orbit v for 
the action of G on V is p-regular if \v G \ p = \G : Cq(v)\ p = \G\ P . Zhang asks the following question in |S]. 
Assume that a finite solvable group G acts faithfully and irreducibly on a vector space V over a finite 
field F. If G has a p-regular orbit for every prime p dividing \G\, is it true that G will have a regular orbit 
on VI In [1], Lii and Cao construct an example showing that the answer to this question is no. However 
the example itself is not correct. We mention that Lewis is the first to observe that the example in [3] is 
wrong in his review [5]- In this paper, we study Zhang's question in detail. 

First we construct examples showing that the answer to this question is no in general. 

(1) Example 1: Let H = Z$ acts faithfully and irreducibly on V\ = ¥2 and G = H I Z$ acts on 

V — ¥2°. Clearly G acts faithfully and irreducibly on V. The group G has a 3- regular orbit and 
a 5-regular orbit, but it has no regular orbit on V. 

(2) Example 2: Let H be a solvable group acts faithfully, irreducibly and primitively on F^ and 
H = Qs xi S3, Z(iJ) = Zi. We may view H to be a matrix group and define G to be the central 
product of H with H, i.e. G = H y H . Thus G acts faithfully, irreducibly and primitively on 

V = Ff. \G\ = 1152 = 2 7 • 3 2 . By direct calculation of GAP [2], the lengths of all the orbits of G 
on V are given in the following list. 

(1, 48, 48, 48, 144, 144, 144, 192, 192, 192, 288, 288, 288, 384) 

From the list we know that G has a 2-regular orbit and a 3-regular orbit, but it has no regular 
orbit on V . 

In Example 1, G is a group of odd order induced from a group of odd order acting on a vector space 
over a field of characteristic 2. In Example 2, G is a solvable group of even order acting on a vector space 
over a field of odd characteristic. Based on these examples, it is natural to ask the following question. 
Assume that a finite solvable group G of odd order acts faithfully and irreducibly on a vector space V 
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over a field of odd characteristic. If G has a p-regular orbit for every prime p dividing |G|, is it true that 
G will have a regular orbit on VI We answer this question affirmatively in the main theorem of this 
paper. We prove the following. 

Theorem 1.1. Assume that a finite solvable group G of odd order acts faithfully and irreducibly on a 
vector space V over a field of odd characteristic. If G has a p-regular orbit for every prime p dividing 
\G\, then G will have a regular orbit on V. 

2. Notation and Lemmas 

Before we prove the main result, we extract some important information from the work of A.Turull 
Section 1] in the following propositions. Note that Turull's results are stated for a prime p but the same 
arguments will work for replacing p with a prime power q. We include the proof here for completeness. 

Notation: Let q be a prime power and n an integer. 

(1) F(q n ) = GF(q n ) x (the multiplicative group of the field of q n elements). 

(2) Gal(g") = Gal(GF(q") : GF (</)). 

(3) G{q n ) = Gal((7 n ) k F(q n ). 

(4) If a g Gal(<f ) and y g F(q n ) we denote N^y) = U T e(*) T (v)- 

(5) Suppose that s is a prime and divides n — |Gal(q™)|. Define GNiq n ,s) = A X N C G{q n ) where 
A is a subgroup of Gal(c/ n ) of order s and N = {x g F(q n ) : J\ a eA a ( x ) = ■'■}• 

Proposition 2.1. a) Let a £ Gal(g n ) be of order s and set N = {x g Fiq n ) : N a (x) = I}. Then we 
have that x g N iff x — /or some y e F(q n ). Furthermore we have 

q n - 1 

\ N \ ~ q n/s _ I 

b) N is a cyclic normal subgroup of GNiq n ,s) of index s and every element of GNiq n ,s) not in N 
has order s. 

c) For any prime r dividing \N\, we have r > s and either r — s or r = l(s). If r is a prime dividing 
\N\ with r s, and b g N is of order r, then (c)(6) is a Frobenius group of order sr with Frobenius 
kernel (6). 

d) Let A be a subgroup o/G(q n ). Set B = AC\Fiq n ). There exists a conjugate A\ in G(g") of A such 
that for any x G A\B of prime order q x , there is a £ A\ n Gal(g") with a ^ 1 smc/i that a q * = 1. 

Proof, a) Let y g F(g ra ) and clearly 7V CT (cr(i/)/i/) = 1, so that /(y) = o"(j/)/y is a homomorphism of F(q") 
into -/V. If for some positive integer r and z £ N we have z = o" r (y)/y, then we have 

a r - 1 iy)a r - 2 iy)...y 

so that we may replace cr by a r provided that (r, s) = 1. So we may suppose 

<T(x) = 2T 

Then 

Ar CT ( a; ) = ^^ ( ' ,/s, .V" /8Ks - 1) =^ 

where u = 1 + q (n/s) + ... + g("/ s )( s - 1 ) = ^_L_. 
Thus \N\ = i^£^- 1>q n — 1) = ^=& v " 

Furthermore f{x) = x^^^ 1 , so that |Kex/| = (q^ s ^> - l,q n - 1) = q^ n / s) - 1. 
Thus / is surjective and this shows a). 
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b) Take a G Gal(g n ) and x G F{q n ), then (ax)°^ = N a (x) and b) is clear. 

c) We know that if x G Z(GN(q n , s)), then x s — 1, and so if r is a prime dividing |iV| with r ^ s, 
and 6 G A^ is of order r, then (a)(6) is a Frobenius group of order sr with Frobenius kernel (6) and in 
particular r = l(s). 

d) Write |Gal(g n )| = q\ x ...q^q^+l ...ql r a product of primes such that A\B has elements of order g$ 
i = 1, i, but not of order qt+i, ...,q r . Assume also that q-y < q 2 < •■• < Qt- Take A* a conjugate of A 
which contains elements a\, <7^_i £ Gal(o") of order qi, respectively, with i as large as possible. 
Assume i < t. 

Take x G of order We may write x = o^a with <7j G Gal(q") of order qi and a G F{q n ). We 

have 1 = (cr,:a) 9i = N ai (a). 

Since <7j G A* for j = — 1 we have [crj,x] G A* and [crj,x] = [aj,aia] — (rJ 1 a~ 1 <j^ 1 <Tj(T i a — 

[aj,a\. On the other hand Uj normalizes (a), and since N ai (a) — 1, any prime dividing \(a)\ is at least 
as large as qi by c). Therefore qj \ \{a)\ and 

(a) = C^a-j) x fa, (a)}. 

Since [<7j, (a)] — ([<7j,a]) C ^4* and CiO; G A*, there is y G C( a )(«7j) such that <Jiy G A*. 

This process actually gives y £ C/ a \(ai, ...,<7j_i) such that er^y G A* and (of course) N ai (y) = 1. 
Now y G F(q n ^ qi - qi -^) and by a) there is z € F{q n ^ qi - q *-^) such that y = crr r {z)/z. 
Take A* z . Then, since z G F(q n /( qi ~ qi -^), a 3 G A* z for j = 1, 1. 

<7, = (Ti(T l rl (z _1 )?/z = z _1 (7ij/z G A* z , a contradiction. So we have d). □ 

Proposition 2.2. G{q n ) acts on the left in a natural way on F(q n ), with F{q n ) acting by multiplication 
and Gal(q") in its natural way. Let A C G{q n ) and B = A D F(q n ). Then the following are equivalent: 

A) A has a regular orbit on F(q n ). 

B) For any prime s, GN(q n , s) is not conjugate in G(q n ) to a subgroup of A. 

C) For any prime s such that A\B has an element of order s, if we take o~ s G Gal(q") of order s and 
N s = {xe F(q n ) : N as (x) = 1}. Then N s % B. 

Proof. Set F = F(q n ) and tt = {s a prime: A\B has an element of order s}. By Proposition 12 . 1 1 d) . we 
may assume that, for any s G ir, a s G G&\(q n )nA is an element of order s. Now B) and C) are equivalent. 

Clearly we have LUa\{i} c f(«) = U a eA\B C F (a). 

So 

(J C F (a)= |J |J C F (6-a s ) 

aeA\{l} seirbeB 

But UbG-B^^ ' CTs ) = {x G F : G B} is a subgroup of F and is proper iff N s <2 £?, by 

Proposition 12. II a). Since F is cyclic, F = {J sl£lT Ubes C_f(6 • ct s ) iff IJ&es C.f(& • <r s ) = F for some set, 
or equivalently N s C B for some s G it. This shows Proposition 12.21 □ 

As in [BJ, if V is a hnite vector space of dimension n over GF(g), where q is a prime power, we denote 
by T(q n ) = T(V) the semilinear group of V, i.e., 

r(V) = {x t-¥ ax" | x G GF(<f),a G GF( 9 ") x ,a G Gal(GF(g") : GF(g))}, 

and we write 

T (V) = {x^ax | x G GF(q n ),a G GF(q") x } 
for the subgroup of multiplications; note that this acts fixed point freely on GF(q n ). 
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Corollary 2.3. Let q be a prime power, n G IN and consider V = GF(q n ) as an n- dimensional vector 
space over GF(q), and let A < r(V). Let B = A n Tq(V), it = {r\r is a prime such that A\B has an 
element of order r}. If A does not have a regular orbit on V, then there exists a prime s £ ir such that 
for any v G V there is an element of order s centralizing v. 

Proof. By Proposition 12 . II d) , we may assume that for r G n, ay G AnGal(GF(q") : GF(q)) is an element 
of order r. With this it follows from the proof of Proposition 12.21 that if A does not have a regular orbit 
on V, then 

V = |J C v (a)= [J |J C v {b-a r )= [J C v (b-a s ) 

a£A\{l} reirbeB beB 

for a suitable prime s G n. Since for b G B the order of b • o~ s is divisible by o(a s B) — s, we see that every 
v G V is fixed by an element of order s. □ 

Lemma 2.4. Let S be a transitive solvable permutation group on Q with \Q\ — m. If \S\ is odd, then S 
has a regular orbit on the power set P(£l) ofQ. 

Proof. This is Gluck's Theorem [5J Corollary 5.7]. □ 

3. Main Theorem 

Now we prove a key result on our way to our main result. 

Theorem 3.1. Let q be a prime power. Let G be a finite group and V a finite, faithful, irreducible 

GF(q)G-module. Suppose that V is induced from a submodule W such that for H = Nq{W) we have that 

H/Cg(W) is isomorphic to an (irreducible) subgroup ofT(W). Let N — |") H 9 < G. Assume that \N\ 

gee 

is odd. Suppose that N has an r-regular orbit on V for every prime number r. Then N has a regular 
orbit on V . 

Proof. First observe that by Clifford theory we can write Vjv = V\ © • • • © V m (for some m G 1ST) for 
homogeneous components Vi, and we may assume that V\ = W. Moreover G/N is isomorphic to a 
subgroup of S m , permuting the Vi (i = 1, . . . , m) transitively. 

We will now prove the following statement 

(f) If U < N, then U has a regular orbit on V. 
Applying (f) with U — N clearly gives the assertion of the theorem. 

We prove (f) by contradiction. So let U < N be a minimal counterexample, i.e., every subgroup of U 
has a regular orbit on V, while U does not have such an orbit. Clearly U > 1. 
Now as 

U<T<y 1 )x...xT{V m )*T(y 1 ) m 
(where T{Vi) m denotes the direct product of m copies of r(Vi) and ^ means "is isomorphic to a sub- 
group of), throughout the proof we will identify U with its isomorphic copies in these bigger groups, as 
needed. 

If U < TqIVi)™ 1 , then clearly U has a regular orbit on V which contradicts the choice of U. Thus 
U/(U n r (Vi) m ) is nontrivial, and we let s be the smallest prime dividing \U/(U l~l r (Vi) m )|. (By the 
way, we will not use the minimality of s until (2) further down the proof. Everything up to there is valid 
for any prime divisor of \U/(U D r (Vi) m )|.) 
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As V is a faithful [/-module there exists an i such that there is an element x £ U of s-power order 
such that, if we read U/Cu{V{) % r(Vi), we have that xCu{Vi) g" T (Vi) and x £ Cu(Vi); in particular 
s divides r(1^)/ro(V^)|. Without loss of generality we may assume that i = 1. Put C = Cjj(Vi). Then 
C < U, so let C < Uq <J U such that \U : Uq\ = s. Now as Uq < U, we know that Uq has a regular orbit 

m 

on V. Let w £ V be a representative of such an orbit, and write w — ^2 v i with Vi £ Vi for i = 1, . . . , m. 

i=l 

m m 

As 1 = C[/ (w) = p| Cc/ (i>;), we obviously may assume that Vi ^ for i = 1, . . . , m. Next put v = ^2 v i 

i=l i=2 

and observe that Cc(v) = 1, so v is in a regular orbit of C on X := V2 © • • • © V m . 

Next we claim that Cu{v) is isomorphic to a subgroup of U/C. To see this, define (f> : Cu{v) —>U/C 
by <fi(u) — uC for u £ CV(v). Clearly is a homomorphism, and if u G ker(0), then u 6 C fl Cu(v) — 
Cc(^) = 1, so </> indeed is a monomorphism. Hence we have 

CtK«)<ET/c<r(wO = iW). 

We identify Cu{v) with its corresponding subgroup in T(Vi). 

Now assume that Cjj(v) has a regular orbit on V\. 
Then let v* £ V" be in a regular orbit of Cu(v) on Vi. Then for = u* + w 6 V we have CV(u;*) = 
Cu{v*) n C[/(u) = Cc !7 (^)(w 1 ) = 1, so w* is in a regular orbit of U on V contradicting our choice of U as 
a counterexample. 

Thus we now may assume that Cjj(v) does not have a regular orbit on V\. 
Then from Corollary 12. 31 we know that there is a prime d such that every element in V\ is fixed by some 
element of order d in Cjj{v), and since v\ £ V% is in a s'-regular orbit of Cjj{v), clearly d = s. 

Now write \V\\ = q n and recall that Cjj(v) ^ r(Vi). Thus by Proposition I2.1f d) we may assume 
that there exists a a £ Gal(GF(g n ) : GF(q)) of order s with a £ C v {v). Next let N = {x € 
GF(q n ) - {0} I J] 70) = 1} and H o = N (a) < T(Vi). As C v (v) does not have a s-regular or- 

bit on Vi, by the proof of Proposition 12 . 21 we conclude that H ^ Cjj{v) and iVo < Cjj{v) n ro(g™) (if we 
identify Cjj{v) with its image in r(g™)). 



Clearly 

We now claim that 



(*) if S is a Hall s'-subgroup of N™, then 

5 < /vnr (Vi) m . 

Clearly N™ < To(Vi) m , so we only need to show S < N. To do this, we will prove the following: 

(**) Let r 7^ s be a prime dividing |JVb|. Then there exists an element y £ Nq < Cu(v) of order |iVo| r 
which acts fixed point freely on Vi and trivially onVj for i = 2, . . . , m. (Here \N \ r denotes the r-part of 
\No\-) 

For the moment, assume that (**) is already proven and let y be as in (**). 
Then for i = 1, . . . , m let gi £ G such that Vf' = Vi, and let Cj = y 9i . Then Cj £ Anro(Vi) m , and Cj acts 
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fixed point freely on Vi and trivially on all Vj with j ^ i. Thus the group (ci, . . . ,c m ) is a homocyclic 
group of order (|7Vo| r ) m and thus is a Sylow r-subgroup of N™. Since r is an arbitrary prime as in (**), 
we conclude that N H To(Vi) m contains a Sylow r-subgroup of N™ for every such prime r. This implies 
S < N n r (Vi) m , as stated in claim (*). 

Thus to finish the proof of (*) we next need to prove (**). 
So let r / s be a prime dividing |7Vo| and let x £ Nq < Cjj(v) be an element of order |iVo| r . From 
Proposition 12.11 c) we know that r > s and we know that a acts fixed point freely on (x). Consider 
y = [<t,x]. Then it is easy to see that (y) = (x) and in particular y is of order |-/Vo| r . Observe that 
N £ tiLiN/C N (Vi) -. M, so let (cri,...,<7 m ) with a % £ N/C N (Vi) be the image of a in M, and let 
(xi, . . . , x m ) with Xi £ N/Cjsr(Vi) be the image of x in M. Thus (y%, . . . , y m ) with yi = [at, x%] is the 

m 

image of y in M. As a £ Cn(v) — f] Cjsr(vi) and also x S Cn(v), we see for i = 2, . . . , m that oi and Xi 

are elements of Cjv/c N (V;)( u i) which is an abelian group. Hence (y±, . . . , y m ) = (yi, 1, . . . , 1) which means 
that y acts trivially on V% , . . . , V m . But clearly j/i ^ 1 acts fixed point freely on Vi, so y acts fixed point 
freely on Vi. Hence y is an element of the kind claimed to exist in (**). 

This concludes the proof of (**) and thus of (*). 

Now suppose that s does not divide jiVo | - Then by (*) we have N™ ^ N n ro(Vi) m . Moreover recall 
from above that a £ Cjj{v) is an element of order s fixing each Vi £ Vi (i = 1, . . . , m); in particular 
a £ 7V m . 

Now for arbitrary xi £ Vi (i — 1, ...,m) it follows that there is an element of order s in N which 

m 

centralizes x = ^2 To see this, suppose that for some j £ {0, . . . , m — 1} there is already an element 

i=l 

3 

yj £ N of order s centralizing ^ Xi such that yj has nontrivial fixed points on each Vi (i = 1, . . . , m). (If 

i=l 

i+i 

j = 0, we may choose yo = cr -) If x j+i = or if yj acts trivially on Vj+i, then y^- also centralizes 

i=l 

however if yj acts nontrivially on Vj+i, then as AT™ ^ N, we have that 

i=l i=l 

and then we know from Proposition 12.21 and Corollary 12.31 that every element in V^+i, so in particular 
Xj+i, is fixed by some element j/j+i of order s in (yj)No and since we can get yj+i by multiplying by 
an element of the (j + l)st copy of No in (Nq)" 1 (i.e., by multiplying yj by an element acting trivially on 
all Vfc with k ^ j + 1), j/j+i will also retain the property that it has nontrivial fixed points on each 14 
(k = l,...,m). 

As the Xi £ Vi (i — \, . . . ,m) can be chosen arbitrarily in the previous argument, this shows that N 
does not have a s-regular orbit on V, contradicting our hypothesis. 

Hence we now may assume for the remainder of the proof that s||iVo|, and furthermore from (*) we 
know that S < N n r (Vi) m for a Hall s'-subgroup S of N™. Clearly S < N. 
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Next we collect some properties of the group N = N/Cn(Vl) < r(Vi). 

(1) N contains elementary abelian subgroups of order s 2 . Moreover, N < contains every elemen- 

tary abelian subgroup of order s 2 of r(Vi), and they are all conjugate by elements of a Hall s'-subgroup 



The first statement in (1) is obvious. To see the second part of (1), observe that all elementary abelian 
subgroups of order s 2 in T(Vi) are conjugate, since a Sylow s-subgroup R of r(Vi) has exactly one such 
subgroup, namely f2i(i?) (cf. [3l Theorem 5.4.3 and 5.4.4]), and if a G Gal(Vi) (by which we mean the 
Galois action part of T(Vi)) is of order s and x 6 r (Vi) is of order s, then {x) < r(Vi) and B := (er, x) is 
elementary abelian of order s 2 . Now one gets all conjugates of B in r(Vi) by conjugation with elements 
in r(Vi) that a does not commute with. Thus the number of conjugates of B is easily seen to be |So| 
where So is a Hall s'-subgroup of No, as a acts fixed point freely on So and trivially on the complement 
Si of So in ro(Vi) which is of order — 1. 

We remark here that by Proposition 12 . 1 \ a) we know that |JVo| = q s ~ 1 . 

q > -1 

Also, since in general, gcd f ^Ef, a — 11= gcd(Z, a — 1) for a, i 6 W, we see that 



and therefore N n Si = (x) . 

At any rate, since the B s ° for sq G So are the |So| conjugates of B in r(Vi) and since So % N in our 
special situation, we see that the second statement in (1) is indeed true. 

(2) Let Q e Sy\_ s (N) and Q = Q (~l r (Vi). Write U = U/U n C N (Vi). Let r / s be a prime. Then 
any r-element of U centralizes Qo- 

To prove (2), assume that for some prime r ^ s, there is a g € U such that g = gCN{V\) £ N is 
an r-element not centralizing Qq. Clearly we may assume that g is an r-element and g $ Lo(Vi). In 
particular, r divides \U/(U ("1 T (Vi) m )\ and thus, by the minimal choice of s, we have r > s. As g 
normalizes, but does not centralize Qo, by (3J Theorem 5.2.4] g acts nontrivially on J7i(Qo) and thus r 
divides s — 1. Thus altogether we have r<s — 1 < r — 1, which is a contradiction. This proves (2). 

Fix i 6 {l,...,m} and let y G r (Vi) such that (y) G Syl g (Fo(T^)). Note that y need not be in 
N. Let yo G (y) be of order s, so that yo G N/CM{Vi) with the usual identifications. Moreover, let 
x G N/Cn(Vi) be of order s such that (xo,yo) < AT/Cjv(Vi) is elementary abelian of order s 2 . Now 
as s is odd, from [3l Theorem 5.4.4] we know the exact structure of {xo,y}. In particular, {xo,yo) has 
exactly s + 1 subgroups of order s, namely (j/o) and (yo x o) for j = 0, . . . , s — 1, and while the first one is 
centralized by y, the remaining ones form a single orbit under conjugation by y, as Xq = xoyo- Now let 
tj G Vj for j = 1, . . . ,m and put t = ti + . . .+t m G V" and t* = t\ + . . . + t i ^i + t v i + t i+ \ + . . .+t m . Further- 
more, let M and M* be the sets of s'-elements of U which centralize t and t* , respectively. We now claim: 



To see this, first for convenience suppose that i = 1. (This is possible since the groups N/Cjy(Vj) 
(j = 1, . . . , m) are mutually isomorphic and thus the corresponding versions of (1), (2) hold for all 



of A^ . 



gcd 




(3) M = M*. 
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N/C N (Vj) (j = l,...,m) as well.) Now let zi G M, so z\ G f| Cu(ti)- To see that zi G M*, obvi- 

i=l 

ously it suffices to show that "zY = -ZiCjv(V^) centralizes t\ G Vi in the action of N on V\. Now z^j" is 
a s'-element in N and thus by (2), centralizes yo G N. Now view, in the usual fashion, zT and yo as 
elements in T(Vi), then still zT centralizes yo G ro(Vi) and thus by [3] Theorem 5.2.4] zT centralizes y. 
Thus (t\) Zl = t\ lV = t\ (as zj centralizes ii), so z7 indeed centralizes i^, as wanted. This proves that 
M C M*. Similarly, if z 2 G M*, then zj = z 2 C N {V 1 ) will centralize y and hence {tf) V = (tff 1 = t\ 
implies t 7 ^ = t\ and so z 2 G M. Thus M* C M, and altogether (3) is established. 

m 

We now start working towards a final contradiction. Recall that w = v i lies in a regular orbit of Uq 

»=i 

on y, and U$<U with |E//E/o| = s, and as iy does not lie in a regular orbit of U, we have |C[/(w)| = s. By 
hypothesis N has a s-regular orbit on V, so let a = a± + . . .+a m G with <Zj G (i = 1, . . . , m) be a repre- 
sentative of such an orbit. Clearly we may assume that a, ^ for alH = 1, . . . , to. We claim the following: 

(4) For each i G {1, . . . , to} let C v {Vi) < R t < U be such that Ri/Cu(Vi) = £li{R*), where R* is the 
Sylow s-subgroup of the cyclic group Cu/Cv(Vi)( v i)- Note that we can view U/CuiYi) — U/U nCjv(Vi) = 
UC N (Vi)/C N (Vi) to be a subgroup of N/C N \v,). Next let C N {V t ) < Si < N be such that Si/C N {Vi) 
is elementary abelian of order s 2 and such that (Sj/CW(Vi)) H (Cjv(oj)/Cjv(Vi)) > 1 (this is possible by 
(1) as C]y(ai)/C]s[(Vi) contains elements of order s). Then there exists an a G AT such that i?^ < 5" for 
i = 1, . . . , m. In particular, by replacing o by a", we may assume that Ri < Si for i = 1, ... to. 

We prove (4) by first observing that if Ri/Cu(Vi) = /?*Cjv(Vi)/Cjv(Vi) is the trivial group for some 
i, then for n, = 1 we have Ri < S™*. Now suppose that Ri/Cu{Vi) is not trivial, i.e., Ri/Cu(Vi) is 
cyclic of order s. Then as the N/Cn(Vj) (j = 1, . . . , to) are mutually isomorphic, from (1) we conclude 

that there is a s'-element niCjsr(Vi) (for some m G iV) of the unique subgroup of order ( J m 

N/C N {Vi) n r (Fi) such that 

(iZi/CtfM)) a fliCW(Vy/CW(V5) < (Si/CWW))" 40 "^ = S^/CtifYi) 

and thus with suitable identification i?i < S™' . Note that by (*) we may assume that rij G AT™ and that 
rii acts trivially on V} for all j ^ i. In particular, for j ^ i we have that rij G Cjv(Vj) and hence S , ™ < = Sj. 
Thus if we put a — n\n 2 ■ ■ ■ n m , then we have a E N and Ri < S™* — S", as desired. The rest of (4) 
now follows immediately, so (4) is proved. 

Next we recall that Cu(v) does not have a regular orbit on V\ and that 

C v {v) < U/Cu{V x ) % N/C N {Vi), 

and as the N/CnCK) are all isomorphic, we see that N/CN{Vi) does not have a regular orbit on Vi 
(i = 1,... , to). Consequently there is a unique Qi < Si such that Cjv(Vi) < Qi, \Qi/C]y(Vi)\ = s and 
Qi/C N (Vi) < C N /c N (v % ){ai) (i = l,...,m). Thus also Qi < C' N (ai) for i = l,...,m. 

Fix i G {1, . . . , to}. By (4) we have i?, < $ and fli/tWO ^ Si/C N {y^ < T(Vi). Now let G r(V() 
such that (yi) G Syl s (r (t^)). From the work preceding (3) we conclude that there exists an s$ G (j/j) 
such that (Ri/Cu(Vi)) Si < Qi/CN(Vi). We remark here that if Ri/Cu{V\) = 1, then we may choose Si 
arbitrarily , say s, = 1, whereas if Ri/Cu{Vi) is cyclic of order s, then Sj is uniquely determined. We 
also point out that s, need not be in A"/Cjv(Vi) and hence (-Ri/C^Vi))' 5 * need not be a subgroup of 
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U/Cu{Vi); in case it is not we have Cu/Cu(Vi) — 1- So in any case we have 

Cu/CamW) < Qi/C N {Vi) (5). 

We now consider v* = u* 1 + . . . + i>^™ . By (3), applied several times, we know that the set of s'-elements 
of U centralizing v* is the same as the set of s'-elements of U centralizing v. As |Cj/(f)| = s, the latter 
set is empty, and so we conclude that Cu{v*) is an s-group. Now let z G Cu(v*) be of order s. Then 
zi = zCijiVi) centralizes u?', whence by (5) we have zCjj(Vi) C Q i and hence z G Qi (i = l,...,m). 
Recall that Qi < Gjq{ai) for i = 1, . . . ,m. This implies that 

m 

z G P| C N (ai) = Cjv(a), 

so s divides |Cjv(a)|. On the other hand, a £ V was chosen to be in a s-regular orbit of N on V. This 
contradiction shows that z cannot exist, and thus Cu{v*) = 1. So w* is in a regular orbit of J7 on V. 
This final contradiction completes the proof of the theorem. □ 

The following problems seem to be of interest in the context of the theorem just proved. 
Remark 3.2. (a) Is the theorem true without the action "on top"? 

That is, if G < r(Vi) x . . . x T(V m ) is of odd order and the \Vi\ are odd for all i, does G have a regular 
orbit on V = V\ @ . . . @ V m if G has a p-regular orbit on V for every prime p ? For m = 1 the answer 
is yes by Corollary \2.3l but in general it is open. We have not pursued this further here since it was not 
needed to get our main results, but it would certainly be interesting to settle this problem. 

(b) Can the oddness hypothesis in the theorem be weakened? Or, for that matter, can it be weakened 
in the more general problem stated in (a)? 

Again, in view of the main goal of this paper and the corresponding counterexamples we did not need to 
tackle these questions, but they are natural to ask here. 

We are finally ready to prove our main result. 

Theorem 3.3. Assume that a finite solvable group G of odd order acts faithfully and irreducibly on a 
vector space V over a field of odd characteristic. If G has a p-regular orbit for every prime p dividing 
\G\, then G will have a regular orbit on V . 

Proof. First assume V is a primitive G-module. By [TJ Lemma 2.1], either G has two regular orbits or 
G < T(V). Assume G < T(V), G will have a regular orbit on V by Corollary 12.31 Thus we may assume 
the action of G is imprimitive. 

We may assume that V is induced from V\. Let H\ = Ng(Vi)/Cg(Vi) and we may also assume the 
action of H\ on V\ is primitive. If H\ ^ r(Vi) then H\ has 2 regular orbits on V\ by [2 Lemma 2.1]. 
Since G is isomorphic to a subgroup of H\ I S for some permutation group S of odd order, then with 
Lemma [2^1 it is easy to see that G has at least 2 regular orbits on V and we may assume Hi < T(Vi). Let 
H = Ng(Vi), N = C\ geG H 9 and S = G/N. By Theorem |3~T1 we know that N has at least one regular 
orbit on V. Let z — z\ + z-i + • • • + z rn £ V be a representative of such an orbit, Cjy(^) = 1 and we may 
assume that all Zi ^ 0. 

S is a solvable permutation group on f2 = {Vi, . . . , V m }. Since \S\ is odd, by Lemma [2.4[ £1 can be 
written as a disjoint union of A\,A 2 (Ai ^ 0, % — 1,2) such that Stabs (Ai) — 1. Since |iJi||Vi| is 
odd, for any element ^ v\ G V\ in an orbit of Hi, —V\ is an element in a different orbit of Hi and 
^i 1 1 — l( — v i) Hl \- Thus all nontrivial orbits of Hi on Vi are paired and we may assign each nontrivial 
orbit of Hi on Vi a +/— sign. Let 1 < i < m and suppose that Vi = Vig for some g G G. If vi is in 
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a positive orbit of H\ on Vi, then we define Vi — vig to be in a positive orbit of Hi on Vi, if v\ is in a 
negative orbit of Hi on V\, then we define Vi — v\g to be in a negative orbit of Hi on Vi. Suppose that 
Vi E Ai; if Zi is in a positive orbit of Vi, then we set t/j = and if Zi is in a negative orbit of Vj, then 
we set yi = —Xi. Suppose that Vi G A^. if z% is in a positive orbit of Vi, then we set yi = — and if 

is in a negative orbit of Vi, then we set yi = Xi. We define a new element y = y\ + y2 H + y m . Since 

C N (zi) = C N (-Zi), 

n 

C N (y) - f| C N ( Zi ) = 1. 
»=i 

Thus C G (y) = C N (y) = 1. □ 

4. Appendix 

We shall mention that Professor Thomas Wolf was aware of the imprimitive counterexample to Zhang's 
question many years ago. We appreciate that he allows us to include the example here. 

EXAMPLE. Let H be a cyclic group of order q n — 1 for a prime power q n > 2 and suppose that 
gcd(<7™ — l,m) = 1 for an integer m > 1. Then G — H I Z m acts faithfully and irreducibly on a vector 
space V of order q nm with no regular orbits on V, but such that for each prime p | |G|, G does have a 
p-regular orbit. 

Proof. Now H acts transitively on the non-zero vectors of a vector space W of order q n . Then 
G = H I Z m acts faithfully and irreducibly on a vector space V = W + ■ ■ ■ + W(m times). Then G and 
the base group H x • • • x H acts transitively on the set C — {(xi, ■ ■ ■ , x m ) G V all xt are non-zero }. Now 
C is a G-orbit of size (q n — l)m = \G\/m. Since gcd(q n — l,m) = 1 and m > 1, C is a p-regular orbit 
for all prime divisors of g n — 1, but is not a regular orbit for G. If f is in V\C, then w has at least one 
zero component and Cq{v) has a subgroup isomorphic to H. Thus w is not in a regular orbit and G has 
no regular orbits in V. The G-orbit D — {(xi, ■ ■ ■ ,x m ) € V\ exactly one Xi is non-zero } has m(q n — 1) 
elements and is a p-regular orbit for all primes p dividing m. Thus, for every prime p, G has a p-regular 
orbit. 
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